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SI. The role of the scaling coefficient

In the spectral localizer, Eq. (1) of the main text, k serves two roles: it ensures that the whole matrix has consistent
units, and it serves to tune the spectral localizer. This tuning is necessary because the two simple limits of x are not
useful. When s = 0, the spectrum of the spectral localizer is always equally partitioned about the imaginary axis as in
this limit L is block diagonal, with blocks (H —wI) and —(H —wI). In the opposite limit, when x — oo, the spectrum
of L simply identifies the joint spectrum of X and Y, which commute. This spectrum of L is also always symmetric
about the imaginary axis, for similar reasons as before. From this perspective, it is somewhat remarkable that there is
any regime of validity where the spectral localizer approach works at all, given that the two easily computable limits
do not contain any new information about the system in question.

However, even though these two limits are boring, for choices of k in between these two limits the spectrum of L
can be highly non-trivial, i.e., when the spectral localizer sees information from both the system’s Hamiltonian and
position operators with relatively equal strength. Moreover, this range of k where L is useful is relatively broad.
In Fig. Sla, we show the local gap fi(yy,.) over the same range of positions as is shown in Fig. 2e in the main
text, except calculated for values of k that span a factor of 20. As can be seen, while different values of k yield
modestly different values for pi(; 4 ), the variation in the values of the local gap is significantly reduced to being just
a factor of 2. Moreover, in Fig. S1b we show values of s chosen on a logarithmic scale, and we can confirm that the
system’s topological index is preserved against different choices of x over a range of at least x = 0.0005(27c/a?) to
k = 0.077(27wc/a?), i.e. a range in excess of two orders of magnitude.

=

(a) K (2mc/a?) (b)

(2mc/a?), log scale

e
=
_
S

& = <
=z
= z |
o, 3 :y o
< BARA <
o0 )\vf\\ o0
g W[ 5
i Position, x = Position, x

FIG. S1. (a) Local gap pi(y,y,.) calculated for the system from Fig. 2 in the main text along the same positions as is shown in
Fig. 2e (i.e., the green line in Fig. 2d). Here, we are using w = 0.37(27¢/a). The different colored lines are showing linearly
spaced values of k. (b) Similar to (a), except for logarithmicly spaced choices of x = [1-107°,3.6 - 107°,1.3 - 107*,4.6 -
107%,0.0017,0.0060, 0.022, 0.077, 0.28, 1](27c/a?).

But, if small values of the local gap fi(,y . are related to the appearance of localized states in the system, would
not the changes in the local gap due to different choices of x render this theory useless? No. The reason is that bounds
on the approximations discussed after Eq. (1) in the main text also depend on k. In particular, the quantities [H, K X]
and [H, kY] feature prominently in predicting the localization of states when g5, .,) = 0 [1, Prop. I1.4]. Thus, while
different values of £ change (4., they also change the bounds in a similar way, yielding a consistent picture.

* kydixon@sandia.gov
T awcerja@sandia.gov


mailto:kydixon@sandia.gov
mailto:awcerja@sandia.gov

SII. An efficient method for calculating the local index in non-Hermitian systems

Numerically, it is important to approach the determination of the local topological index C’(Lw yw)

especially in photonic systems. For example, the matrices X,Y, H in the system shown in Fig. 2a each have size
~ 1.2-10% x 1.2 - 10° in our discretization. Attempting to calculate all of the eigenvalues of Ligyw)(X,Y, H) will
cause most computers to run out of memory.

In Hermitian systems, one can make use of Sylvester’s law of inertia along with a standard L(z)yyw) (X,Y,H) =
NDNT decomposition (called the LDLT decomposition) to substantially speed up this process [2, 3]. Here, N
is lower-triangular and D is diagonal (and D is not equal to a diagonal matrix of the spectrum of L, ,y). In
particular, Sylvester’s law states that sig(L(sy..)) = sig(D), and sig(D) is numerically trivial to calculate given that
D is diagonal. Thus, as there are fast methods available to perform LDLT decompositions of sparse matrices, it is
relatively easy to find a photonic system’s local index.

However, this presents a challenge in non-Hermitian systems where Sylvester’s law of inertia no longer applies.
Instead, to avoid needing to calculate the full spectrum of L, , ., we start by turning off the absorption from the
stretched-coordinate perfectly matched layer (PML), yielding a Hermitian system where the LDLT-based method
works. In particular, as our PML is implemented as
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inside the absorbing boundary region, where oy.x is the maximum absorption achieved and Lpyy, is the length of
the absorbing layer, the system can be made Hermitian by setting oma.x = 0 (yielding a system bounded by Dirichlet
boundary conditions). A similar formula is used for the PML in y.

Thus, we can determine a non-Hermitian system’s local index by starting with a related Hermitian system whose
topological markers can be efficiently calculated, slowly turning on the non-Hermiticity, and monitoring the local gap
H(z,yw) tO ensure it remains open. Of course, if y(, , .,) > 0 along this path of different systems, the index at z,y,w
cannot change as no eigenvalues could have crossed the imaginary axis. For the system we consider in the main text in
Fig. 2, we show this evolution of the local gap as a function of the boundary’s absorption in Fig. S2. As can be seen,
the introduction of the absorption does not yield any new locations within the photonic crystal where pi; ..y = 0,
meaning that the index of the topological photonic crystal in the center of the system remains the same as its index
in a Hermitian version of the system.
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FIG. S2. Local gap fi(s,y,w) calculated for the system from Fig. 2 in the main text along the same positions as is shown in Fig.
2e (i.e., the green line in Fig. 2d). Here, we are using w = 0.37(27c/a) and x = 0.04(2rwc/a?). The different colored lines are
showing linearly spaced values of omax between 0 and 4, where omax = 4 is the value used in all of the other simulations of the
photonic system in this work.

SIII. Additional details on the crystal disorder

In Fig. 3 of the main text, the local gap pi(4,y,.) and local invariant C" are shown for two disorder configurations
with different disorder strengths. In Fig. S3, we show the dielectric distribution for these two disorder configurations.
These configurations are generated by changing the width, length (major and minor ellipse axes), and position of
the dielectric rods (which are circular in the ordered system). In particular, for each rod we generate four uniformly
distributed random numbers §; € [—0.5,0.5]. Two of these random numbers are used to shift the  and y coordinates
of the rod’s center, Tpew = o + W& and Ynew = Yo + wésa, respectively. The other two random numbers treat the



rod as being an ellipse, and change the length of its major and minor axes by w¢; /2. Here, w parameterizes the
geometric strength of the disorder. However, given that the inverse square root of € is what appears in the system’s
Hamiltonian, see Eq. (4) in the main text, there is no simple relationship between w and | UTSHY||.
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FIG. S3. Schematics showing the geometry of the disordered systems discussed in Fig. 3 of the main text, with geometric
disorder strength w = 0.025 and w = 0.45. These schematics are shown on the same scale as Fig. 2a of the main text.

Additionally, in the calculation of the strength of these disorder configurations, one must make a choice for how many
eigenvectors of the ordered system H to retain in W for calculating |[WT§ H V|| (this number of retained eigenvectors is
m in the relevant discussion surrounding Fig. 3 in the main text, while the total number of possible eigenvectors is n).
Of course, || U6 HY| must be dependent on m — clearly as m — n, |[WTSHW|| — ||§H|| as the 2 matrix norm is basis
independent. However, for a broad range of choices of m > 180 that retain only a few hundred eigenvectors of H, we
find that ||UT§H V| is nearly independent of m, see Fig. S4. This justifies our choice of spectral truncation for the
disorder strength calculation, and the values quoted in the main text use the largest m shown in Fig. S4, m = 370. For
this value of m, a disorder parameter of w = 0.025 corresponds to a disorder strength of |UT6H| = 0.026(27c/a),
and w = 0.45 corresponds to |[UT6HW¥|| = 0.77(27c/a). In the main text, these values are compared against the
local gap at the center of the ordered system, pg = 0.0185(27¢/a), which is calculated at w = 0.37(27w¢/a) using

k = 0.04(2mc/a?).
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FIG. S4. Dependence of the disorder strength || TS H¥| on w, the magnitude of the random numbers chosen to implement
the disorder for different choices of m, the number of retained eigenvectors in W. The choices of m are linearly spaced between

10 and 370 in steps of 10.

SIV. Additional plots for increasing free-space dielectric

In Fig. 4a of the main text, we show a series of plots of the local gap as a function of position for increasing
free-space dielectric, eg. In the main text, these are overlaid to show how the local gap decreases in the system’s
outer region (with constant ) for increasing outcoupling (i.e., increasing ;). However, this makes it difficult to see
the appearance of the extra zeros in the local gap at the interface between the two regions. Here, in Fig. S5, we show
these same curves separated out so that the formation of these extra locations where p(, , .,y = 0 can be seen directly.
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FIG. S5. Local gap for the system shown in Fig. S6a for increasing values of the free space environment’s dielectric eg. All
figures are plotted along the green path in Fig. 2d of the main text, with w = 0.37(27wc/a) and k = 0.04(2mc/a?).

SV. Classifying the topology of gapless tight-binding heterostructures

While the main text focuses on applications of the spectral localizer to non-Hermitian photonic systems the spectral
localizer can be applied to any crystalline system. To demonstrate the broader applications of these methods we
consider examples of gapped and gapless topological heterostructures in tight-binding models. Note, unlike the
photonic system discussed in the main text, all of tight-binding models we discuss here are Hermitian with open
boundary conditions.

To begin, we must first assemble the topological heterostructures. A standard choice of topological insulator is the
Chern insulator realized via Haldane’s model [4]. The Haldane lattice has the following Hamiltonian:

H = MY (al, namn — bl nbmn)

—t Z (b;rn/,n’am,n + G‘In,nbm/yn')

((m;n),(m’,n"))

e Z (ewain, nOmon + eii(ﬁain,nam/,n/ + embin, o Omon + efid’bin’nbm/’n/) . (S2)
({((m,n),(m’,n")))

This model has two sites per unit cell that form a hexagonal lattice, with annihilation (creation) operators of these
sites given in the (m,n)th unit cell by aun, ,, and by, , (a:[n’n and bjnn) with nearest neighbor coupling ¢, onsite energy
M = 0, and next-nearest neighbor coupling ¢c. Here, () denotes a sum over nearest neighbors, while (()) denotes
the sum is over next-nearest neighbors. To push the Haldane lattice into one of its topological phases, we set t; = ¢,
M =0,tc =t/2, and ¢ = 7/2, see Fig. S6b. For a strip of this material we can calculate the ribbon band structure as
seen in Fig. S6b, where the chiral edge states are clearly visible crossing through the system’s bulk band gap. However,
to form topological heterostructures, we need to create a material to interface with this topological insulator.

To simplify the choice of interface coupling we use a Haldane lattice in its trivial phase as the topologically distinct
insulator and a trivialized metallized Haldane lattice for the topologically distinct gapless material. To trivialize either
Haldane system we set tc = 0 and set the onsite energy M = 42+/3 for the trivial insulator and M = ++/3/2 for the
trivial metal. To metallize the Haldane system we couple it to a trivial metallic triangular lattice (so that there are
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FIG. S6. (a) Schematic and ribbon band structure for a honeycomb lattice (red and blue vertices) with an interstitial triangular
lattice (gray vertices), with honeycomb site couplings ¢1, triangular site couplings ¢, and honeycomb-triangle couplings tint.
The ribbon band structure is calculated using ¢, = t, tc = 0, toi = 0.2¢, tiny = 0.3t, M = ++/3/2, and M = 0. (b) Schematic
and ribbon band structure of a Haldane topological insulator with direction-dependent next-nearest neighbor couplings tce®"/2.
The ribbon band structure is calculated using t1 = ¢, M =0, tc = 0.5¢, ¢ = 7/2. (c) Schematic and ribbon band structure for
a heterostructure formed between the lattices in (a) and (b). (d-f) LDOS (d), localizer gap (e), and local index (f) at £ = 0 for
a heterostructure formed by a trivial insulating Haldane lattice described by Eq. (S2) with t1 = ¢, tc =0, and M = +44/3 /2,
surrounding a Haldane topological insulating lattice with ¢t1 = ¢, M = 0, tc = 0.5¢, ¢ = w/2. All three plots are shown on the
same spatial scale, with a system surrounded by open boundary conditions. (g) Horizontal line cut of the localizer gap and
index through the system’s center at F = 0. (h-k) Similar to (d-g), except with a gapless outer lattice described by Eq. (S3)
with t1 = ¢, tc = 0, ti = 0.2¢, tingy = 0.3t, M = £++/3/2, and My, = 0. For all calculations using the spectral localizer, k = t/a
is used.

now 3 sites per unit cell, i.e., the grey, red, and blue sites in Fig. S6), with an inter-lattice coupling strength ¢;,; = 0.3¢
[5, 6]. We set the coupling strength within the triangular lattice to be t,; = 0.2¢. Altogether, the Hamiltonian for a
metallized Haldane lattice is written as

H =M Z (a1n7nam7n - bl—n,nbmﬂz) + Mtri Z (Cl—n,ncmﬂl)

m,n
_ tl Z (bin/m/llm,n + ain,nbm/yn/> — ttri Z (Cjn’,n’cm,n —+ cIn,ncm/,n’>
((m,n),(m’,n")) ((m,n),(m’ ,n"))
—to > (ei‘z’afn/,n/am,n e 9al, nam + O, b+ 6’i¢bin,nbm/,n/>
{((m,n),(m’,n’)))
_ tint Z (G/In/’nlcm,n + Cjn,nG’M',n’ + bjn,)n,cm,n + C'LL,nb’m’,n') . (83)

((m;n),(m’,n"))

Here, ¢pmn (cf, ) is the annihilation (creation) operator for the triangular lattice site in the (m,n)th unit cell. A
strip of the trivial metallic Haldane lattice is used to calculate the ribbon band structure in Fig. S6a.

Concatenating both systems from Fig. S6a and Fig. S6b into a gapless topological heterostructure forms a system
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FIG. S7. (a-c) Show the LDOS (a), localizer gap (b), and localizer index (c) at E = 0 for a gapless heterostructure formed
with an inner Haldane topological insulator (same as Fig. S6), and a gapless topological outer lattice described by Eq. (S3)
that incorporates direction-dependent next-nearest neighbor couplings with ¢1 = ¢, ¢ = 0.2¢, ting = 0.3t, M = 0, M = 0,
tc =t/2, and ¢ = w/2. All three plots are shown on the same spatial scale, with open boundary conditions. (d) Horizontal line
cut of the localizer gap and index through the system’s center and at £ = 0. For all calculations using the spectral localizer,
Kk =t/a is used.

with a band structure that reproduces the challenge associated with gapless topological heterostructures discussed
in the main text, see Fig. S6¢c. In the band structure calculations, the bands corresponding to interface-localized
states are obscured by the degenerate bulk bands from the interstitial triangular lattice. Within this energy range,
it is not possible to use topological band theory to identify the existence of interface-localized chiral modes — the
heterostructure does not exhibit a common bulk band gap between the two constituent materials so band theory
cannot be used to predict a measure of protection, and the edge states cannot be uniquely identified at some energy
and wavevector.

The challenges involved in identifying the topology of the gapless heterostructure remain apparent in the system’s
local density of states (LDOS). In Fig. S6d and h, we show the LDOS within the topological insulator’s bulk band
gap E = 0 for finite gapped and gapless heterostructures, respectively. For both systems, the inner material is a
topological insulator, the outer material is topologically trivial, and the outer-most boundary of the outer material
has open (Dirichlet) boundary conditions. While the chiral edge states at this energy can be clearly identified in
the gapped heterostructure’s LDOS, Fig. S6d, the states due to the interstitial triangular lattice’s band in Fig. S6h
prohibit the numerical observation of any chiral edge states.

We can use the spectral localizer [7-9] to prove that the gapless topological heterostructure in Fig. S6h-k still
possesses boundary-localized resonances that are connected to the non-trivial topology of the central lattice. For a
2-dimensional Hermitian tight-binding model, the local marker and protection at position x and energy F are found
by first forming the spectral localizer:

Lix,p)(X, H) = k(X1 —211) @ 0y + K(Xo —22]) @0y + (H — EI) ® 0, (S4)

where X = (X1, X5)T, X; is the j'" position operator, x = (z1,72)T, x; is the j** position coordinate, o; are the
Pauli spin matrices, k is a positive scaling coefficient with units of energy times inverse distance, and [ is the identity
matrix.

Using the spectral localizer gap and index, we resolved the local Chern numbers for both topological heterostructures
shown in Fig. S6, and numerically observe that all substructures are comprised of materials with different invariants in
their bulk. Moreover, for the gapless system, applying the spectral localizer and plotting the local gap versus position
shows the closing of p(x, g) near the heterostructure’s interface where the local marker changes, which requires the
system to possess topological edge resonances even if they are obscured in the LDOS. Finally, we note that the
small, but non-zero, local gap pi(x, ) on both sides of the heterostructure’s interface guarantees the edge resonance’s
protection against modest system perturbations. As tight binding models are not unbounded operators, they are
not subject to the considerations discussed in the main text surrounding the difficulty of defining the strength of a
perturbation through its matrix norm. Instead, we are left with the standard topological protection predicted by the
spectral localizer: a perturbation 0 H that is weaker than the local gap, ||0H|| < ji(x, k), cannot change the system’s
local topology at (x, E) [7].

To further prove that the interface-localized resonance in a gapless heterostructure can be attributed to the change
in the materials’ bulk invariants, i.e., that bulk-boundary correspondence still holds for gapless heterostructures, we
slightly modify the gapless material on the exterior of the heterostructure to possess the same bulk invariant as the
central insulating material, see Fig. S7. This is constructed from the same topological Haldane lattice that is then
coupled to the trivial gapless triangular lattice. The result is a gapless topological structure with degenerate bulk and
a topological edge state protected by a local gap [10].



Now, we see that the system is no longer a topological heterostructure; the local gap fi(x, ) no longer closes at the
interface between the two materials, indicating the disappearance of the topological interface-localized resonances,
while the local maker is seen to be uniform across the entire crystal. Furthermore, the local gap closes around the
system’s perimeter due to the use of open boundary conditions, indicating a topological phase transition between the
outer lattice material and the surrounding (insulating) vacuum.

SVI. Relationship between the Hermitian and non-Hermitian spectral localizers

The spectral localizer for Hermitian systems, Eq. (S4), is similar to its non-Hermitian generalization, Eq. (1) in the
main text, except that the conjugate transpose of the lower right-side block —(H — ET) is not taken (or equivalently
can be dropped, because —(H — EI)' = —(H — EI) when the system is Hermitian). Nevertheless, the non-Hermitian
spectral localizer in Eq. (1) has been mathematically proven to be the correct generalization of Eq. (S4) to line-gapped
non-Hermitian systems such that all of the Chern-related topological properties are correctly counted [11].

Here, we conjecture that Eq. (1) in the main text is the correct non-Hermitian generalization of Eq. (S4) for two
physically motivated reasons. First, Eq. (1) reduces to Eq. (S4) when H becomes Hermitian. Second, because this
specific change introduces information contained in the non-Hermitian Hamiltonian’s left eigenvectors. To see this
second reason, note that if x = 0, the eigenvectors of L(, , ., come in two varieties

(5 o ) () = ()
(0 o) (o) =m0 (4))

where H,, = w,p,, and Hi,, = w*, d,,. But, as (HTd,,)t = & H = ¢ w,,, b is aleft eigenvector of H. While
in a Hermitian system, the left and right eigenvectors of H are related by d)jn = wjn, this is not generally true for
non-Hermitian systems, d)jn #+ 1|)In. Moreover, in many non-Hermitian systems, there is relevant information carried
in the system’s left eigenvectors that is generally not present in the system’s right eigenvectors, for example, in parity-
time symmetric systems [12] that can exhibit exceptional points. Thus, it seems reasonable that the non-Hermitian
spectral localizer (with x # 0) would need access to this information to correctly determine a system’s topological
properties, given that quantities like the non-Hermitian Chern number (calculated via band theory) typically make
use of both a non-Hermitian system’s left and right eigenvectors [13].
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